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We review transverse momentum distributions of various identified charged particles stemming
from high energy collisions fitted by various non-extensive distributions as well as by the usual
Boltzmann – Gibbs statistics. We investigate the best-fit formula with the obtained χ2/ndf values.
We find that the physical mass and
√
s scaling becomes more explicit with heavier produced hadrons
in both proton-proton and heavy-ion collisions. The spectral shape parameters, in particular the
temperature T and the non-extensive Tsallis parameter q, do exhibit an almost linear dependence
with the centrality-dependence in heavy-ion collisions.
I. INTRODUCTION
More and more attention has been paid recently to the
analysis of transverse momentum (pT ) spectra in heavy
ion collisions due to its importance in novel statistical
approaches [1]. The pT spectrum reveals information
on the early thermal or close to thermal properties of
the hottest state of such collisions. It has been realized
that data on single-inclusive-particle distributions show
a power-law behavior in the high-pT region. This can-
not follow from traditional statistical models based on
Boltzmann – Gibbs (BG) statistics.
Thanks to the high multiplicities produced at high en-
ergies one may utilize statistical models to study the pro-
duction mechanism even in small systems like the proton-
proton (pp) [2]. In these collisions identified particle spec-
tra at RHIC and LHC energies do not follow a BG dis-
tribution, especially not at the high-pT values. In the
past decades the Tsallis – Pareto – Hagedorn distribution
has been frequently applied.[1] Its precise form is based
on the generalised q-exponential function:
eq(x) := [1 + (1− q)x]
1
1−q , (1)
where 1 + (1 − q)x ≥ 0 for q > 1. For allowed ranges in
x and more discussions, see Ref. [3]. Specifically, several
different shape functions are in use to fit the spectra in
the study of high energy collisions both experimentally
and theoretically [4–40].
In this work we review momentum distributions within
the non-extensive Tsallis statistical approach, both in
proton-proton and in nucleus-nucleus collisions. Var-
ious momentum distribution formulas are investigated
and compared to each other while seizing for a physi-
cal interpretation of their parameters. Our aim is to find
the natural situation for the best data-fit formulas with
the possibly strongest physical content.
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II. MODELING HADRON SPECTRA
In order to describe hadron spectra measured in vari-
ous hadron collisions, one tries to disentangle hard QCD
and soft collective effects, and a possible transverse flow.
Then one tests whether the result complies with the ther-
mal assumption, i.e. that the dependence on momenta
is solely through a dependence on the kinetic energy. In
statistical distributions, like the BG distribution, the in-
dependent variable is E−µ, where E denotes the energy
of a single particle state and µ is the chemical potential.
At low density and high temperature, T  (µ−m), this
variable can be approximated by the pure kinetic energy,
E −m, where m is the rest mass.
In general it is assumed that the source, emitting the
detected hadrons, is flowing in an arbitrary direction.
Here the 4-velocity (uµ) of the source and the actual
4-momentum (pµ) of the particle are parameterized by
rapidity and angle variables respectively[41]:
uµ = (γT cosh ξ, γT sinh ξ, γT vT cosφ, γT vT sinφ),
pµ = (mT cosh y,mT sinh y, pT cosψ, pT sinψ) (2)
leading to the covariant Ju¨ttner expression for the energy
of the particle in the co-moving fluid element:
E = uµp
µ = γTmT cosh(y − ξ)− γT vT pT cos(ψ − φ).(3)
Further details are displayed in Appendix A.
In high energy physics one investigates the Lorentz-
invariant particle spectrum. In order to fit the hadron
spectra, the following approximations to Eq.(3) are uti-
lized:
1. For large mT and small longitudinal momentum
pL  mT , E =
√
m2T + p
2
L ≈ mT + p
2
L
2mT
[27].
2. For the midrapidity plateau calculations, y− ξ ≈ 0
and ψ − φ = 0, E = γTmT − γT vT pT . In case of
light particles, like pions, in the observed pT range
the assumption pT  m can safely be made. Thus
we can rewrite the thermal ratio E/T in spectra as
E/T = γ(1− v)pT /T = pT /TD, with the so-called
Doppler-blue-shifted temperature TD :=
√
1+vT
1−vT T
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2[42, 43]. In such a case, the transverse flow velocity
can be absorbed into the fitting temperature. Note
that we will follow this assumption in the present
paper with respect to the flow effects in high energy
collisions.
3. Typically in small systems, like ee, ep and pp colli-
sions [44], no transverse flow effects are considered:
vT → 0, hereafter E = mT cosh(y−ξ), see Refs. [4–
6].
4. Taking both vT = 0 (no transverse flow) and y−ξ =
0 (midrapidity plateau), one arrives at E = mT ,
hence E − µ ≈ mT − m. In order to study the
fitting functions on hadron spectra in high energy
collisions, this proxy is widely used and cited as
“mT -scaling”.
It is worthwhile to mention that another non-extensive
approach exists, inspired by the superstatistics named in
Ref. [33]. We adopt
fq(x) := [ eq(x)]
q
= [1 + (1− q)x] q1−q , (4)
in phenomenological investigations on pT spectra in high
energy collisions, where x is the corresponding physical
variable as described above. Here the following remark
is in order: a change in the power index n to,
n · q = n+ 1 (5)
q = 1+1/n is the non-extensive parameter in our fittings,
into n+ 1, since qq−1 =
1
q−1 + 1.
As for describing the shape of spectra, different groups
use various kinds of definitions:
• Experiments usually present the high-energy mul-
tiparticle production spectra fitted by a Tsallis dis-
tribution, well described by the formula
E
d3N
dp3
∝ eq
(
−E
T
)
, (6)
where the shape factor eq(x), given in Eq.(1), is
a generalized distribution function of the BG one.
The latter is reconstructed as a special case for the
particular value q = 1.
• Some works use a normalization constant, Cq,
which also depends on the particle mass, m, fit-
ting temperature, T , and the non-extensive Tsallis
parameter, q (or n ≡ 1/(q − 1)) to redefine the
hadron spectra
E
d3N
dp3
∝ Cq(n,m, T ) · eq
(
−E
T
)
. (7)
The normalization factor Cq can be fixed, for ex-
ample, by normalizing the transverse momentum
spectrum with the rapidity distribution
E
d3N
dp3
=
1
2pipT
d2N
dy dpT
=
dN
dy
· Cq ·
(
1 +
mT −m
nT
)−n
. (8)
With the condition∫ ∞
0
1
2pipT
d2N
dy dpT
2pipT dpT =
dN
dy
, (9)
one obtains the normalization constant Cq in the
mT −m scaling case as
Cq =
(n− 1)(n− 2)
2pinT [nT +m(n− 2)] . (10)
Here dN/dy is the particle yield per unit rapid-
ity, determined by integrating the pT spectrum for
given particles.
• Based on Ref. [45], the total number of particles is
N = gV
∫
d3p
(2pi)3
[
eq
(
−E
T
)]
, (11)
so one can interpret the spectra also as being pro-
portional to
E
d3N
dp3
=
gV
(2pi)3
· E · eq
(
−E
T
)
∝ E · eq
(
−E
T
)
. (12)
Here V denotes a 3-space volume absorbed in the
normalized constant. Note that there are two
equivalent ways of expressing the normalization, ei-
ther in terms of V or in terms of dN/dy. The gen-
eral choice for normalization, however, is dN/dy
since it is experimentally available, while V is not.
In the followings we focus on some of the formulas
used for approximating the identified particle spectra in
various collisions. This work compares the differences of
(mT−m) and mT -dependent ansatz, as well as the simple
pT function in the full azimuthal integrated space:
E
dN
d3p
=
1
2pipT
d2N
dy dpT
= f(pT ). (13)
Next we will investigate different formulas with respect
to fitting experimental data. There are variances on us-
ing the non-extensive function, eq(x), based on differ-
ent assumptions on the physical level of their respective
cause. For example, a power of q/(1− q) is derived from
thermodynamical derivative with respect to the chemical
potential, while n = 1/(q−1) is just a direct replacement.
mT and pT as variables again are more direct assump-
tions: at high pT , pT  m, these should coincide. See
our items 1-4 above. Further differences root in various
physical pictures on the proper one-particle variable to be
3used in the fits: (mT−m) is motivated by a leading-order
estimate of µ ≈ m and can be falsified by investigating
hadron spectra with various masses.
Without loss of generality, here we investigate the
shape functions listed in Eqs.(14). In all the following fig-
ures, these different spectra-fitting formulas correspond
in order to,
f0 = fBG = A0 · exp
(
−mT −m
T0
)
,
f1 = A1 ·
(
1 +
mT −m
n1T1
)−n1
,
f2 = A2 · (n2 − 1)(n2 − 2)
2pin2T2[n2T2 +m(n2 − 2)] ·
×
(
1 +
mT −m
n2T2
)−n2
,
f3 = A3 ·mT
(
1 +
mT −m
n3T3
)−n3
,
f4 = A4 ·
(
1 +
mT
n4T4
)−n4
,
f5 = A5 ·
(
1 +
pT
n5T5
)−n5
. (14)
Our aim is to find out the best fit with all of these func-
tions, in parallel, obtaining physical information from
these parameters.
III. ANALYSIS OF pp RESULTS
In this section we compare the transverse momentum
distributions in the elementary (pp) collisions and fittings
by all the functions listed in Eqs.(14). Since there still
exist fierce differences over the proper functional shape
of pT spectra within the non-extensive approaches, it is
also worthy to compare the χ2/ndf values over different
fitting functions. All the corresponding parameters are
then analyzed in order to investigate further the non-
extensive physics behind.
A. The hadron spectra
In pp collisions, the flow effects seem to contribute less
than in heavy-ion collisions. However, “elementary” pp
collisions are rather complicated processes: there exist
two different regimes of particle production. One is a
soft multiparticle production, dominant at low transverse
momenta, here the spectra reveal an almost exponential
behavior close to the BG statistics [47], cf. in Fig.B-1 in
Appendix B. At high pT , on the other hand, they display
power law tails, shown in Fig.B-1 and Fig.B-2 in Ap-
pendix B. They are well described by perturbative QCD
owing to the hard scattering of current quarks. In a num-
ber of publications [7, 13, 14, 20, 38, 40] the Tsallis sta-
tistical distribution was successfully applied to describe
data for pp collisions over a wide range of the transverse
momenta because of interpolating between low- and high-
pT limit, first proposed by R. Hagedorn [47]:
eq(−pT
T
) −→

e−pT /T low pT(
(q − 1)pTT
) 1
1−q
high pT
. (15)
We henceforth focus on the fittings of the produced
charged particle spectra in elementary collisions at dif-
ferent colliding energies. Data are taken for pions, kaons
and protons in pp collisions at
√
s = 62.4 GeV, 200 GeV
from PHENIX Collaboration [20] and at 900 GeV [13],
2.76 TeV [38], 5.02 TeV and 7 TeV [14] from ALICE
Collaboration. We apply all fitting functions listed in
Eqs.(14) to the data within as wide pT range as pos-
sible. The exact fitting ranges are shown in Table I,
while we restrict our analysis to the mid-rapidity region
|y| < 0.5 in which region both the temperature T and
non-extensive parameter q are y-independent based on
the work in Ref. [46]. Note that in the followings pi, K
and p mark the spectra of pi
++pi−
2 ,
K++K−
2 and
p+p¯
2 re-
spectively.
Fig.B-1 and Fig.B-2 in Appendix B show the pT spec-
tra fitted by all the functions in Eqs.(14) for pions and
protons in pp collisions for various kinds of beam energies
at midrapidity as examples. We could see that the clas-
sical BG distribution, fBG, no longer fits the spectra,
especially in larger pT regions or higher colliding ener-
gies. On the other hand, it seems that all the other five
non-extensive fitting functions can fit the pT spectra in
the elementary pp collisions nicely. There appear some
differences for the proton spectra than for the pion ones:
typically in the high pT part. This is due to the fact that
all these non-extensive formulas become similar when the
particle mass is getting negligible in comparison to pT .
TABLE I: Fitting pT ranges of spectra for different charged
particles in pp collisions [13, 14, 20, 38]:
√
s pi [GeV/c] K [GeV/c] p [GeV/c]
62.4 GeV 0.3-2.9 0.4-2 0.6-3.6
200 GeV 0.3-3 0.4-2 0.5-4.6
900 GeV 0.1-2.6 0.2-2.4 0.35-2.4
2.76 TeV 0.1-20 0.2-20 0.3-20
5.02 TeV 0.1-20 0.2-20 0.3-20
7 TeV 0.1-20 0.2-20 0.3-20
More details could be found when we focus on the val-
ues of χ2/ndf cf. Fig.B-3. One realizes that for all differ-
ent colliding energies their values are around or smaller
than 1, except for the formula f0 (fBG) which gives the
worst fitting results of all. The BG statistics fails describ-
ing pT spectra in pp collisions. This can be understood
4from the feature that in the elementary collisions over-
estimated values of the relative variances σ occur in the
experimental data and result in smaller χ2/ndf . Specif-
ically, the first two distributions (f1 and f2) of mT −m
and f4 of mT show close goodness. The distribution,
f3, derived thermodynamically, also does not display big
differences for the fit goodness.
Checking the fitting parameters, A, T and q = 1+1/n,
we observe that all these share the same Tsallis parame-
ter n, but the two mT −m functions (f1 and f2) conclude
to values of the fitting temperature T different from the
pure mT one (f4). This indicates that the normalization
constant does not affect the fitted T and q parameters
but the integrated yield dN/dy, namely, A2.
As for the distribution of f5(pT ), the results of χ
2/ndf
turn out to be the best of all in the spectra for pions,
because of its small mass, cf. Fig.B-3.
B. Connections between the fitting functions
Some universality discussed in the previous text is rea-
sonably expected on inspecting Eqs. (14). Comparing
the formulas for f1 and f2 it is easy to realize that they
coincide whenever their amplitudes satisfy the relation
A1 = A2 · (n2 − 1)(n2 − 2)
2pin2T2[n2T2 +m(n2 − 2)] = A2 · Cq. (16)
The first panel in Fig.B-4 in Appendix B demonstrates
this relation. Here T2 stands for the fitting temperature
with the fitting function f2 and then the values of all the
other fitting parameters. Accounting for the differences
between (mT − m) and mT scalings, i.e., comparing f1
with f4, we re-cast f1 given in Eqs. (14) as follows
f1 = A1 ·
(
1− m
n1T1
)−n1
·
(
1 +
mT
n1T1 −m
)−n1
. (17)
Comparing it with f4, it is straightforward to arrive at
the relations:
A1 ·
(
1− m
n1T1
)−n1
= A4, (18)
n1 = n4, (19)
n1T1 −m = n4T4. (20)
The lower panel in Fig.B-4 points out this clearly. This
in turn explains the similarity of χ2/ndf values over these
fitting functions. This in fact was a triviality check, use-
ful to demonstrate that no inconsistency error occur by
applying different fit formulas of mT − m or mT and
whether it is normalized properly.
C. The scaling of fitting temperature T
Moving towards physical interpretation issues, we now
investigate the dependence of T on colliding energies
√
s
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FIG. III-1: The center-of-mass energy
√
s-dependence of the
inverse slope parameter T from pp. Results of pi spectra are
shown in the upper panel and the lower is of protons. All
dashed lines are fitted by: T = T0 + T1 · ln√s.
TABLE II: Fitting parameters of T0 and T1 of Eq.(21) at
different hadron masses:
(T0, T1) mpi mK mp
fBG (0.108,0.028) (0.139,0.023) (0.186,0.012)
f1 (0.112,0.002) (0.061,0.017) (0.050,0.020)
f2 (0.112,0.002) (0.061,0.017) (0.050,0.020)
f3 (0.099,-0.003) (0.061,0.011) (0.056,0.015)
f4 (0.106,-0.0004) (0.002,0.015) (-0.026,0.014)
f5 (0.116,0.001) (0.183,0.0004) (-0.019,0.054)
and the particle mass m. Fig.III-1 shows results both
for pions and protons. The inverse slope parameters, T ,
look almost independent of the beam-energy apart from
the BG fittings, which gives the worst result. This can
be also inspected in Fig.B-1 and Fig.B-2 in Appendix B:
the spectral shapes of the same hadron stay similar while
the colliding energies change. Motivated by pQCD, we
propose that the fitting temperature T follows a DGLAP-
like evolution [48]:
T = T0 + T1 · ln
√
s, (21)
5TABLE III: Fitting parameters of T ′0 and T
′
1 of Eq.(22) at various energies:
(T ′0, T
′
1) 62.4 GeV 200 GeV 900 GeV 2.76 TeV 5.02 TeV 7 TeV
fBG (0.238,0.008) (0.255,-0.007) (0.266,0.018) (0.495,-0.087) (0.593,-0.083) (0.624,-0.063)
f1 (0.183,0.027) (0.155,0.019) (0.181,0.027) (0.228,0.049) (0.237,0.053) (0.243,0.055)
f2 (0.183,0.027) (0.155,0.019) (0.181,0.027) (0.228,0.049) (0.237,0.053) (0.243,0.055)
f3 (0.148,0.028) (0.128,0.023) (0.148,0.035) (0.179,0.046) (0.186,0.050) (0.192,0.053)
f4 (0.118,0.0003) (0.048,-0.027) (0.059,-0.025) (0.130,0.010) (0.133,0.011) (0.133,0.010)
f5 (0.258,0.067) (0.205,0.048) (0.352,0.112) (0.239,0.059) (0.253,0.065) (0.264,0.070)
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FIG. III-2: The particle mass m-dependence analysis of the
inverse slope parameter T from pp. We list the analysis in pp
at 62.4 GeV and 7 TeV as examples. All the dashed lines are
obtained by the relationship: T = T ′0 + T
′
1 · lnm.
which goes through all the points. As also shown in
Fig.III-1, the
√
s-dependence is log-like and gets stronger
with higher hadron mass. In formulas under the loga-
rithms we use GeV units.
The parameter, T , on the other hand, exhibits a mass-
dependence, cf. Fig.III-2. The larger uncertainties of
fBG in pp at 7 TeV (the black stars which is too large to
be shown in the plot) also prove that the BG distribution
fails in describing the transverse momentum spectra in pp
collisions at larger beam energies. Hereby we also apply
a similar guess:
T = T ′0 + T
′
1 · lnm , (22)
to check the dependence of this parameter on the hadron
mass m within the same pp collision. Characteristically
lower T values for the lighter particles might occur due
to the fact that the low-pT pions mostly stem from reso-
nance decays; another possible explanation can be a col-
lective hydrodynamical behavior in the small pp system,
cf. Ref. [20].
In order to quantify the statements given above, we list
all fitted parameters from Eq.(21) to Eq.(22) in Tables
II and III. We could see that all the parameters obtained
by functions f1 and f2 are exactly the same, meaning
that the normalized constant does not affect the fitting
parameters (T or q) at all. In addition, we can also tell
the log-dependence of the center-of-mass energy
√
s and
hadron mass m in the analysis of all fitting parameters
T . For instance, the values of the slope parameter T1
in Table II develop larger with m increasing, indicating
that the ln
√
s-dependence is getting stronger with heav-
ier particles observed in the same collisions, agreeing with
the discussion above. Apart from the worse fittings of
fBG and f5, it is also found that all the T0 values go
close for the same particle.
Combining Eq.(21) and (22) together we can re-write
the fitting temperature as
T = Tc + Ts · ln
√
s
m
. (23)
As shown in the upper panel of Fig.III-5, all the fitting
parameters are well described by this relationship except
for fBG. The simple mT function f4 seems to give the
best fitting of Eq.(23) to the data set.
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FIG. III-3: The center-of-mass energy
√
s-dependence of the
Tsallis parameter q from pp. Results of pi spectra are shown
in the upper panel and the lower is of protons as examples.
All dashed lines are fitted by: q = q0 + q1 · ln√s.
TABLE IV: Fitting parameters of q0 and q1 of Eq.(24) at
different hadron masses:
(q0, q1) mpi mK mp
f1 (1.042,0.012) (1.125,0.002) (1.080,0.006)
f2 (1.042,0.012) (1.125,0.002) (1.080,0.006)
f3 (1.066,0.009) (1.112,0.002) (1.077,0.005)
f4 (1.042,0.012) (1.125,0.002) (1.080,0.006)
f5 (1.034,0.013) (1.005,0.017) (1.003,0.011)
D. The scaling of the Tsallis q
Similar behavior occurs on the Tsallis non-extensive
parameter q,
q = q0 + q1 · ln
√
s , (24)
as shown in Fig.III-3 and
q = q′0 + q
′
1 · lnm , (25)
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FIG. III-4: The particle mass m-dependence analysis of the
Tsallis parameter q from pp. We list the analysis in pp at
62.4 GeV and 7 TeV as examples. All the dashed lines are
obtained by the relationship: q = q′0 + q
′
1 · lnm.
in Fig.III-4.
In the plots in Fig.III-4 one inspects that the simple
formula of f5(pT ), displays a typical relation between q
and m especially at the low beam energies. The results
obtained by fitting the fBG distribution are removed be-
cause q = 1 in this case.
Tables IV and V list all the parameters in Eqs.(24)
and (25). Similarly, we observe that fitting results by f1
and f2 are exactly the same. Furthermore, the f4(mT )
function gets the same non-extensive parameter q as the
f1(mT − m) and f2(mT − m). As a consequence, the
parameters (q0, q1) and (q
′
0, q
′
1) are also the same for the
three. Considering the m-dependence in Eq.(25), Ta-
ble V shows that all the q′0 values are nearly the same for
all kinds of beam energies.
We also investigate the Tsallis parameter q as a com-
bined function of both:
q = qc + qs · ln
√
s
m
. (26)
The lower panel of Fig.III-5 tells us that this relation
represents a good description. The first two functions
from Eqs.(14) give the common running on Eq.(26) as
7TABLE V: Fitting parameters of q′0 and q
′
1 of Eq.(25) at various energies:
(q′0, q
′
1) 62.4 GeV 200 GeV 900 GeV 2.76 TeV 5.02 TeV 7 TeV
f1 (1.097,0.007) (1.163,0.023) (1.162,0.018) (1.140,-0.001) (1.142,-0.003) (1.140,-0.005)
f2 (1.097,0.007) (1.163,0.023) (1.162,0.018) (1.140,-0.001) (1.142,-0.003) (1.140,-0.005)
f3 (1.094,0.004) (1.142,0.015) (1.140,0.006) (1.123,-0.003) (1.127,-0.003) (1.126,-0.005)
f4 (1.097,0.007) (1.163,0.023) (1.162,0.018) (1.140,-0.001) (1.142,-0.003) (1.140,-0.005)
f5 (1.023,-0.029) (1.090,-0.012) (1.069,-0.020) (1.118,-0.010) (1.122,-0.011) (1.122,-0.012)
well as the fourth one, due to their same fitting Tsallis
parameter q.
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FIG. III-5: Both the center-of-mass energy
√
s and hadron
mass m distributions of the fitting temperature T and the
Tsallis parameter q. We analyze all the fitting results of vari-
ous hadrons at all given colliding energies in pp collisions. All
the dashed lines are by the function: T = Tc + Ts · ln(√s/m)
(upper) and q = qc + qs · ln(√s/m) (lower).
E. Mean transverse mass scaling
In addition, the mean transverse mass 〈mT 〉 is deter-
mined by integrating the pT spectra for each particle
species:
〈mT 〉 =
∫∞
m
mT · 12pimT d
2N
dy dmT
· 2pimT dmT∫∞
m
1
2pimT
d2N
dy dmT
· 2pimT dmT
(27)
where 12pimT
d2N
dy dmT
= 12pipT
d2N
dy dpT
is the corresponding
pT spectrum. The mean value of the transverse mass
mT =
√
m2 + p2T , based on the integration over all pT
for the spectra, is given as:
〈mT 〉0 = 〈mT 〉BG = m+ T + T
2
m+ T
,
〈mT 〉1 = m(n− 3)nT + 2n
2T 2
(n− 3)[m(n− 2) + nT ] +m,
〈mT 〉2 = 〈mT 〉1,
〈mT 〉3 = m+
m2(n− 4)(n− 3)nT + 4m(n− 4)n2T 2 + 6n3T 3
(n− 4)[m2(n− 3)(n− 2) + 2m(n− 3)nT + 2n2T 2] ,
〈mT 〉4 = 2nT
n− 3 +
(n− 2)(n− 1)
(n− 3)[nT +m(n− 1)]m
2. (28)
TABLE VI: Values of 〈mT 〉 in pp at 62.4 GeV with different
fittings:
〈mT 〉 pi [GeV/c2] K [GeV/c2] p [GeV/c2]
〈mT 〉BG 0.499±0.003 0.802±0.003 1.213±0.011
〈mT 〉1 0.395±0.001 0.769±0.003 1.169±0.001
〈mT 〉2 0.395±0.001 0.769±0.003 1.169±0.001
〈mT 〉3 0.415±0.004 0.772±0.002 1.170±0.001
〈mT 〉4 0.395±0.001 0.769±0.003 1.169±0.001
data[20] 0.395±0.015 0.740±0.013 1.176±0.032
We compare our results with the one from the mea-
sured hadron spectra in pp at 62.4 GeV and 7 TeV for
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FIG. III-6: Upper: Distributions of the fitting temperature T with respect to the mean transverse mass 〈mT 〉 for pi, K and p.
Lower: Mean transverse mass 〈mT 〉 for pi, K and p as a function of particle mass m. Here we list the results in pp at 62.4 GeV
and 7 TeV as examples. Data of the values of 〈mT 〉 (blue circles) are from Ref. [20] and [49] as comparisons.
TABLE VII: Values of 〈mT 〉 in pp at 7 TeV with different
fittings:
〈mT 〉 pi [GeV/c2] K [GeV/c2] p [GeV/c2]
〈mT 〉BG 1.462±0.880 1.641±0.610 1.793±0.368
〈mT 〉1 0.503±0.001 0.963±0.0003 1.364±0.0005
〈mT 〉2 0.503±0.001 0.963±0.0003 1.364±0.0005
〈mT 〉3 0.512±0.003 0.966±0.0002 1.365±0.0005
〈mT 〉4 0.503±0.001 0.963±0.0003 1.364±0.0005
data[49] 0.500±0.007 0.892±0.0308 1.424±0.0515
pions, kaons and protons in Table VI and VII. This study
tells us that both themT−m andmT distributions (f1, f2
and f4 of Eqs. (14)) share the same values for 〈mT 〉. This
is also easy to check when we focus on the connections
between parameters as discussed in the subsection above.
In Fig.III-6 the fitting temperature T and 〈mT 〉 are plot-
ted as a function of each other within different shape
functions for various hadron kinds. In order to clarify the
relationship, we consider the m-dependence of the mean
transverse mass in the same collision as well. In the lower
panel of Fig.III-6, this quantity 〈mT 〉 indeed exhibits a
linear connection to the hadron mass, cf. Eqs.(28). Val-
ues obtained by the non-extensive approaches nicely co-
incide with the data set from Ref. [20] and [49]. Results of
the classical BG distribution 〈mT 〉BG, the black stars, are
somewhat far from the experimental observations. This
again reflects the fact that the BG distribution cannot fit
the transverse momentum spectra well.
In summary, we have systematically studied the fitting
pT spectra of different hadrons in pp collisions at sev-
eral beam energies within various types of functions in
Eqs.(14). Our study indicates that the BG distribution,
is no longer suitable for describing the hadron spectra
over a wide range of pT . Comparisons of the correspond-
ing fitting errors χ2/ndf show that both mT − m and
9mT functions share the same goodness with or without
the normalization. Together with the thermodynami-
cally derived formula, f3, these non-extensive distribu-
tions (f1 ∼ f4) do follow the experimental data accu-
rately. The simple pT function, f5, on the other hand,
gives the best fitting results on the pion spectra because
of its small mass.
IV. ANALYSIS OF THE pPb AND PbPb
RESULTS
In order to further check how well the Tsallis distri-
bution performs, we have used Eqs.(14) to fit pT spectra
in pPb [35] collisions at 5.02 TeV and in PbPb [50–53]
collisions at 2.76 TeV. Data were taken by the ALICE
Collaboration within wide pT ranges and for more identi-
fied charged particles. In Fig.B-5 and B-6 in Appendix B
we show the pT distributions of the most central collision
(0− 5%), the peripheral ones (60− 80% and 80− 100%)
in pPb at 5.02 TeV and in PbPb collisions at 2.76 TeV, as
well as the corresponding fits within all six functions de-
fined in Eqs.(14). The corresponding pT range is listed
in Table VIII. One observes that in the low pT region
(0 < pT < 3 GeV/c), the fitting formula, fBG, still per-
forms well in the fitting, much like the non-extensive ap-
proaches. On the other hand, for the high pT part, this
classical distribution no longer describes the hadron spec-
tra well. The non-extensive distributions from Eqs.14, on
the other hand, present nice results over the whole fitting
range of pT .
In order to better clarify the differences and similar-
ities, values of χ2/ndf are compared in Fig.B-7. More
central collisions lead to larger values of χ2/ndf of all
non-extensive fitting formulas used in this work. This
is probably due to the fact that there are flow effects in
heavy-ion collisions which were ignored in our fittings;
while the most peripheral collisions are similar to the el-
ementary ones. All fits of the spectra by f5(pT ), perform
better on pions than protons for the same reasons as in
the pp case. The formulas (f1 and f4) share the same
values of χ2/ndf with the “normalized” one, f2, as in
the analysis of pp collisions. Note that in heavy-ion col-
lisions, the fitting function derived thermodynamically,
f3, results in the best fitting results for all centralities.
It is instructive to plot the relationship between the
fitting temperature T and the Tsallis non-extensive pa-
rameter q (or q− 1 = 1/n). Fig.IV-1 tells us that for the
same produced particle yield in all centrality collisions, a
strong correlation appears. In fact whatever kind of par-
ticle we take, all these fitting formulas result in a similar
relationship between T and q − 1 = 1/n, approximating
T ≈ T0− (q−1)E0. Here T0 stands for the limiting value
of temperature in the BG limit when q = 1. Hereby we
list our results of T0 values for pi and p in PbPb at 2.76
TeV. We find that T0 also increases linearly with the par-
ticle mass, shown in Fig.IV-2, whereas the T0/E0 ratio
displays an m-independence except for the worst fitting
TABLE VIII: Fitting pT range [GeV/c] of different hadron
spectra in heavy-ion collisions in this work [35, 50–53]:
particles mass [GeV/c2] pPb PbPb
pi 0.140 0.11-2.85 0.11-19
K 0.494 0.225-2.45 0.225-19
K0S 0.498 0.05-7 0.45-11
K∗ 0.896 0.55-4.5
p 0.938 0.325-3.9 0.325-17.5
φ 1.019 0.65-4.5
Λ 1.116 0.65-7 0.65-11
Ξ 1.321 0.7-7.5
Ω 1.672 1.3-7.5
by f5.
V. DISCUSSIONS
We have considered various approximations to the en-
ergy in the Lorentz-invariant particle spectrum in or-
der to account for their sensitivity to different fitting
variables, in use within non-extensive approaches. The
hadronization, as well as the pT distributions in high en-
ergy collisions, are being studied by the use of one or the
other of these functions.
When describing the pT spectra of the particles pro-
duced in high-energy collisions, there are many kind of as-
sumptions based on the non-extensive expression, eq(x).
Since there are still fierce arguments on their theoreti-
cal backgrounds, we suggest to compare with different
experimental data sets to shed light on the best fitting
scenario with the strongest physical content. Considering
the values of χ2/ndf , we review the goodness of fits and
connections of fitting functions. Analysis on the fitting
parameters, on the other hand, could also provide a tool
for understanding these statistical and thermodynamical
models.
In order to illuminate the connections and discrepan-
cies of different fitting functions applied, we have inves-
tigated the most common ones, listed in Eqs. (14), for
several kinds of identified charged particles, stemming
both from pp and NN collisions.
Our results reveal that the normalizing parameter has
no major effect on the shape of these fittings, unlike the
mass of the particles, which is a decisive factor. In other
words, the fitting formulas of either mT−m or mT lead to
the same goodness of fit as well as their normalized cases.
Comparing all these fitting functions, for all kinds of
identified charged particles, we conclude that the simple
mT −m or mT function presents the best fitting results
in the elementary collisions while the one obtained by the
thermodynamic calculation explores the best χ2/ndf in
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FIG. IV-1: Correlations between T and q−1 = 1/n for spectra of pions and protons in pPb (upper) and PbPb (lower) collisions.
Data sets are from different centrality bins for each particle spectra.
high energy collisions. This trend breaks when pi spectra
are investigated, for which there is no large impact on
the fitting factors by the various formulas. It can be due
to the small mass of pions and high multiplicities in colli-
sions. For heavier particles, the mT dependence becomes
increasingly more explicit.
VI. SUMMARY
Summarizing, we have investigated five types of non-
extensive functions in Eqs.(14), f1 − f5, based on the
q-exponential as well as the Boltzmann – Gibbs distribu-
tion, fBG. As discussed above, results show that for the
same definitionsmT−m functions behave as themT ones,
but with different normalization constants. This leads us
to a free choice of the fitting functions of either mT −m
or mT when focusing on pT spectra. Nevertheless, as
shown in Section II and others’ work, E − µ ≈ mT −m
scaling applies better for low pT experimental data. On
the other hand, since the volume V is not experimen-
tally available, the normalized function, f2, is preferred
by fitting the hadron spectra and analyzing the particle
yield per unit rapidity, dN/dy. There is no big differ-
ence in the spectral shape for they share the same fitting
goodness whether the fitting formula is normalized or
not. Note that the simple pT function is more proper
to study the pi spectra in pp or ep collisions at low en-
ergy because of its small mass and the low multiplicities
in small systems. The usual Boltzmann – Gibbs distribu-
tion fails in describing the hadronization in all cases but
in a quite narrow pT range.
Finally, we paid attention to the relationship between
the fitting parameters, T and q. All approaches seem to
reveal a linear dependence, which agrees well with our
results in previous work[43] and that of others’[54]. The
mean transverse mass 〈mT 〉 was also analyzed and led
to a linear dependence on the mass m, while almost no
dependence on the temperature parameter T in the in-
vestigated data range for pions, kaons and protons.
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Appendix A: Coordinate system and spectra
In high energy physics, a commonly used, Lorentz in-
variant variable to describe the kinematic condition of a
particle is the rapidity variable y. It is defined in terms
of its energy and longitudinal momentum components, E
and pz respectively (z is the beam axis). The formula
y ≡ 1
2
ln
E + pz
E − pz =
1
2
ln
1 + vz
1− vz , (A1)
11
● ●
●
■ ■
■
◆
◆ ◆○ ○
○ ● f1■ f2◆ f3
f4○ f5
0.14 0.494 0.938
0.0
0.2
0.4
0.6
0.8
m [GeV/c2]
T 0
[GeV
/c2 ]
T0 with m in PbPb@ 2.76 TeV
π K p
● ● ●■
■
■◆ ◆ ◆
○
○
○
● f1■ f2◆ f3
f4○ f5
0.14 0.494 0.938
0.0
0.1
0.2
0.3
0.4
0.5
m [GeV/c2]
T 0
/E 0
T0/E0 with m in PbPb@ 2.76 TeV
π K
p
FIG. IV-2: Upper: Distributions of the fitting temperature T0
with respect to the hadron mass m for pi, K and p in PbPb
at 2.76 TeV. Here we list the results for all fitting functions of
Eqs. (14). Lower: The corresponding T0/E0 ratio is plotted
as a function of m.
implies vz = tanh y and γz =
1√
1−v2z
= E√
E2−p2z
=
E
mT
= cosh y. Thus, E = γzmT = mT cosh y and
pz = γzmT vz = mT sinh y.
In order to characterize the rapidity of a particle, it is
then necessary to measure two quantities, such as energy
and longitudinal momentum [55]. In many experiments
it is only possible to measure the angle of the detected
particle relative to the beam axis. In this case it turns
out to be more convenient to utilize the pseudo-rapidity
η, given by
η =
1
2
ln
p+ pz
p− pz ≈ ln
√
1 + cos θz
1− cos θz = ln[cot
θz
2
] . (A2)
One easily retains their connection as being
dy
dη
=
1
2
d
dη
ln
E + pz
E − pz =
p
E
(A3)
leading to particle yields in rapidity and pseudorapidity
units,
dN
dy
=
E
p
dN
dη
. (A4)
In high energy physics, one investigates the Lorentz-
invariant particle spectrum E dN
d3p
. Fix pT (or mT ),
dpz = mT cosh y dy = E dy, therefore, dpz/E = dy,
result in
E
dN
d3p
=
dN
dy d2pT
=
dN
dypT dpT dφp
=
dN
dymT dmT dφp
,(A5)
and
dN
dη d2pT
=
√
1− m
2
m2T cosh
2 y
dN
dy d2pT
, (A6)
At mid-rapidity we obtain
dN
dη d2pT
∣∣∣∣
η=0
=
p
E
dN
dy d2pT
∣∣∣∣
y=0
=
pT
mT
dN
dy d2pT
∣∣∣∣
y=0
.(A7)
Appendix B: Figures and Results
For clarity and simplicity we put our figures and results
of all hadron spectra fittings at the end of this paper.
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FIG. B-1: The pT spectra for pions and protons in pp collisions at
√
s = 62.4, 200 and 900 GeV at midrapidity. Data are taken
from Ref. [20]. Each spectrum is fitted with all the six functions of Eqs.(14) in the pT range as shown in Table I. Ratios of the
net fits to data are also shown in each lower panel.
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FIG. B-2: The pT spectra for pions and protons in pp collisions at
√
s = 2.76, 5.02 and 7 TeV at midrapidity. Data are taken
from Refs. [14, 38]. Each spectrum is fitted with all the six functions of Eqs.(14) in the pT range as shown in Table I. Ratios of
the net fits to data are also shown in each lower panel. Note that as mentioned in Ref. [14], the data for pp collisions at 5.02
TeV are generated by interpolating the data measured at 2.76 TeV and 7 TeV.
15
■
■ ■ ■ ■ ■
◆
◆ ◆ ◆ ◆ ◆
●
● ● ● ● ●
■ π◆ K● p
1 2 3 4 5
0.1
1
10
100
Fittings[fi]
χ2 /nd
f in pp@ 62.4 GeVBG distribution
χ2/ndf=1
■
■ ■ ■ ■ ■
◆
◆ ◆ ◆ ◆ ◆
●
● ● ● ●
●
■ π◆ K● p
1 2 3 4 5
0.1
1
10
100
Fittings[fi]
χ2 /nd
f in pp@ 200 GeV
BG distribution χ2/ndf=1
■
■ ■ ■ ■
■
◆
◆ ◆ ◆ ◆
◆
●
● ● ● ● ●
■ π◆ K● p
1 2 3 4 5
0.1
1
10
100
1000
Fittings[fi]
χ2 /nd
f in pp@ 900 GeV
BG distribution
χ2/ndf=1
■
■ ■
■
■ ■
◆
◆ ◆ ◆ ◆
◆
●
● ● ● ●
●
■ π◆ K● p
1 2 3 4 5
0.1
1
10
100
1000
Fittings[fi]
χ2 /nd
f in pp@ 2.76 TeV
BG distribution
χ2/ndf=1
■
■ ■
■
■ ■
◆
◆ ◆ ◆ ◆
◆
●
● ● ● ●
●
■ π◆ K● p
1 2 3 4 5
0.1
1
10
100
1000
Fittings[fi]
χ2 /nd
f in pp@ 5.02 TeV
BG distribution
χ2/ndf=1
■
■ ■ ■ ■ ■
◆
◆ ◆ ◆ ◆
◆
●
● ● ● ●
●
■ π◆ K● p
1 2 3 4 5
0.1
1
10
100
1000
Fittings[fi]
χ2 /nd
f in pp@ 7 TeV
BG distribution
χ2/ndf=1
FIG. B-3: Plot of χ2/ndf for pT spectra fits by different Tsallis formulas as well as the usual BG one from Eqs.(14) in pp
collisions at given energies on the panels for identified particles (pi, K and p). The fitting pT range in each spectrum is listed
in Table I. The χ2/ndf = 1 is also plotted as a reference.
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FIG. B-4: Analysis of fitting parameters for different particles in pp for various kinds of collisions.
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FIG. B-5: The pT spectra for pions (left) and protons (right) in pPb at 5.02 TeV within different centrality bins (0− 5% and
60− 80%, 80− 100%). Data are taken from Ref. [35]. The fitting pT range in each spectrum is listed in Table VIII. Ratios of
the six fittings to data are shown in the lower panels as well.
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FIG. B-6: The pT spectra for pions (left) and protons (right) in PbPb at 2.76 TeV within different centrality bins (0− 5% and
60− 80%). Data are taken from Refs. [50–53]. The fitting pT range in each spectrum is listed in Table VIII. Ratios of the six
fittings to data are shown in the lower panels as well.
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FIG. B-7: Plot of χ2/ndf of fitting pT spectra in pPb (upper) at 5.02 TeV and PbPb (lower) collisions at 2.76 TeV for pions
(left) and protons (right) within all centralities. The fitting pT range in each spectrum is listed in Table VIII. The line of
χ2/ndf = 1 is also plotted here as a reference.
